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1. Introduction
Direct sum decompositions problems for torsion-free modules of nite rank have
been the subject of recent activity in the theory of modules over valuation domains
(see e.g. [11]). Indeed the nal problem (Problem 26) in the text by Fuchs and Salce
[6] asks if direct decompositions of nite rank modules (over a valuation domain)
into indecomposable summands are unique up to isomorphism i.e. does the Krull{
Schmidt Theorem hold for this class of modules? It has been known for some time that
the Krull{Schmidt Theorem fails for nite-rank torsion-free modules over the discrete
valuation domain Zp, the integers localized at the prime p; see [1, Exercise 2.15] for
an example due essentially to M.C.R. Butler. However, there is no immediate method
of extending this result to arbitrary valuation domains; indeed it is well known that if a
valuation domain is Henselian, then the Krull{Schmidt Theorem does hold for torsion-
free modules of nite rank (see e.g. [11, Lemma 14] or [10, Corollary 10]. In fact for
discrete rank one valuation domains the two concepts are equivalent [11, Theorem 17].
One of the principal outcomes of the present work is that the Krull{Schmidt Theorem
fails for a large class of non-Henselian valuation domains. It is worth remarking that
this class contains many valuation domains which are not discrete and so is a far-
reaching generalization of [11, Theorem 17]. (We also note that Facchini has recently
shown failure of Krull{Schmidt for serial modules [5].) In order to make this comment
a little more precise, let us introduce the following notation: throughout, unless specied
to the contrary, R shall denote a valuation domain, not a eld, with completion ~R
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(in the natural topology which has the set rR(r 6=0) as a basis of neighbourhoods of
zero) and we denote the corresponding elds of fractions by Q and ~Q respectively.
The simplest version of our results to state is: if R is a non-Henselian valuation domain
and [ ~Q : Q] > 10; then the Krull{Schmidt Theorem fails for torsion-free R-modules
of nite rank. It is clear that some additional restriction is required on R since Vamos
[11] has shown that there exist non-Henselian valuation domains with [ ~Q : Q] nite,
for which the Krull{Schmidt Theorem holds.
A useful tool in any approach to nite rank Krull{Schmidt problems is the devel-
opment of an appropriate version of the nite rank realization theorem due to Corner
[4, Theorem B]: if A is a torsion-free reduced Z-algebra of rank n, then there exists
a torsion-free reduced Z -module G, of rank at most 2n, such that EndZG = A. For
modules over arbitrary valuation domains this result is in general false, even if the
additional restriction of cotorsion-freeness is imposed on the algebra [7]. Such failure
depends inter alia on the fact that [ ~Q : Q] is nite and we shall show in the present
work that every nite rank torsion-free reduced R-algebra A is realizable as the endo-
morphism algebra of a nite rank torsion-free reduced R-module precisely if [ ~Q : Q] is
innite. More generally we shall produce a suitable version of Corner’s Theorem for a
valuation domain R provided only that [ ~Q : Q] is ‘suciently large’ in a sense made
precise in section two. A novel feature of our approach is that, unlike the situation
in [2, 12] we do not require a sucient supply of quadratically independent elements
over the so-called Szekeres eld (see [2]). Moreover our approach is independent of
the characteristic of the eld and so we do not need to avoid elds of characteristic
2. An additional novel feature of this realization result is that the rank of the realizing
module may increase to 3n and we show, by means of a suitable example, that this is
the best possible bound.
We close this introduction by noting that our notation is in accord with that in the
text [6] and any unexplained terminology on modules over valuation domains may be
found there; in particular we shall reserve the notation P for the unique maximal ideal
of the valuation domain R. It will be convenient to use the abbreviation ‘the R-algebra
A is realizable’ to mean that a (reduced nite rank torsion-free) R-algebra A is the
endomorphism algebra of a reduced nite rank torsion-free R-module.
2. A Corner-type theorem
We begin this section by developing two simple lemmas which shall be useful in
the proof of our main result (Theorem 1) and its corollary. Our original proof of the
rst lemma has been shortened considerably by using results of Matlis and we would
like to thank Luigi Salce for outlining this approach to us.
Lemma 1. If R is a complete valuation domain and M is a reduced torsion-free R-
module of nite rank; then there exists a nite rank free submodule F of M with
M=F bounded.
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Proof. Observe rstly that if E is torsion-free with a nite rank free submodule F
such that E=F is bounded, then Ext1R(Q; E) = 0. For if r is a nonzero element of R
with rE  F , then the map E ! F given by multiplication by r induces an exact
sequence
HomR(Q; F=rE)! Ext1R(Q; E)! Ext1R(Q; F):
But now both end terms are zero, the lefthand being clear whilst the righthand one
follows from Matlis [8, Corollary 6.11] since F is complete, and so we have that
Ext1R(Q; E) = 0:
Now induct on m = rank M . For m = 1, it is trivial. For m > 1, choose a pure
submodule N of M of rank m−1. By induction, N has a free submodule with bounded
quotient. Moreover M=N is torsion-free of rank 1 and cannot be isomorphic to Q since
the observation above would force N to be a summand of M contradicting the fact
that M is reduced. Thus M=N is reduced and so the rank 1 case applies to M=N and
we easily obtain the appropriate F  M .
Lemma 2. Let E  F be an extension of elds; V a vector space over E and X; YF-
subspaces of V of dimensions r and s; respectively. If rs < [E : F]; then there exists
a nonzero  2 E such that X T Y = 0.
Proof. Let y1; y2; : : : ; ys be a basis for Y and X 0 a complementary subspace for X in
V . Dene  : E !QV=X 0 by
() = (y1 + X 0; y2 + X 0; : : : ys + X 0):
Then  is F-linear and the dimension of
Q
V=X 0 over F is rs. Choose a nonzero  in
the kernel of  so that Y  X 0, and hence X T Y = 0.
Our principal result in this section is the following analogue of Corner’s Theorem
B in [4].
Theorem 1. Let A be a reduced torsion-free R-algebra of rank n containing a full
subalgebra which is generated as an algebra by 1 and k other elements.
(i) If [ ~Q : Q]> 2n2(2k + 3); then there exists a reduced torsion-free R-module M
of rank 3n such that EndRM = A:
(ii) If [ ~Q : Q] > 2n2(2k + 5); then there exists a family fMr : r 2 Rg of reduced
torsion-free R-modules of rank 3n such that
HomR(Mr;Ms) =

A if r = s;
0 if r 6= s:
Proof. Assume the hypothesis of (i). The completion ~A is a torsion-free ~R -module. We
claim that there exist nonzero elements ; i(1  i  k);  in ~R such that A; A; Ai(1 
i  k) are independent submodules of ~A and such that A+A+A2+Pki=1(Ai+Ai)
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and (A + A) are independent submodules. Let V be a divisible hull for ~A, thus it
is a vector space over ~Q. Construct ; i and  sequentially by applying Lemma 2
to divisible hulls of various appropriate R-submodules of ~A. For example  can be
obtained by taking X = Y = the divisible hull of A. The most extreme case, , is
obtained by taking X to be the divisible hull of A + A + A2 +
Pk
i=1(Ai + Ai)
and Y the divisible hull of A+ A. These have dimensions at most 3n+ 2nk and 2n,
respectively. The hypothesis guarantees that this construction can be done. Note that
the elements may be taken in ~R since ~Q is a divisible hull for ~R as an R-module. Now
choose generators 1; a1; : : : ; ak for the full subalgebra of A and put  =
Pk
i=1 aii + :
Dene M to be the purication in ~A of M0 = A+ A+ A: The rank of M over R is
3n by the independence over A of 1; ; i; and .
Suppose that  2 EndRM and let a be a xed element of A. Then there is a nonzero
r 2 R such that r(a); r(a) 2 M0. Then r(a) = x1 + y1 + z1 and r(a) =
x2 + y2 + z2 for some xj; yj; zj 2 A. Since  extends to an ~R-endomorphism of ~A,
we also have
r(a) = r(a) = x1+ y12 + z1(
X
aii+ ):
Separating out the  and  terms and using independence, we conclude that −z2 +
z1 = 0. Since ~A is torsion-free over ~R, we have −z2 + z1 = 0, whence z1 =
0 by independence. Thus (a) lies in the purication of A + A. Replacing r by
a multiple, we may assume r(a) = x3 + y3; r(aai) = xi4 + y
i
4(1 i k), and
r(a) = x5 + y5+ z5 for some xj; yj; xi4; y
i
4; z5 2 A: But also
r(a) =
kX
i=1
(xi4i + y
i
4i) + x3+ y3:
Again separating terms and using independence, we obtain −z5+ x3+y3 = 0; thus
x3 = z5 and y3 = 0: It follows that (a) lies in the purication of A, and hence in
A itself. Since a was an arbitrary element of A, we conclude that yi4 = 0 for all i,
and that r(a) = x3 = z5 and r(aai) = xi4: Since 1; ; i and  are A-independent,
we have z5ai = xi4 for all i. Therefore r(a)ai = r(aai), or (a)ai = (aai) for
all i. Consequently,  is an A-homomorphism from A to A. Thus we have EndRM =
HomA(A; A) = A:
Assuming the hypothesis of (ii), we obtain the desired family by introducing an
additional element k+1; and dening Mr(r 2 R) to be the purication of A + A +
A( + rk+1): If  : Mr ! Ms there is no signicant change in the calculations until
the nal stage where we get (a)s = (ar) in the computation at k+1: If r 6= s, we
have (a)(s− r) = 0, and so  = 0 in this case. If r = s, then EndRMr = A as before.
This completes the proof.
With the aid of Lemma 1 we now show that, in general, not all reduced torsion-
free R-algebras of nite rank are realizable as endomorphism algebras. Accordingly we
derive the following characterization of valuation domains for which [ ~Q : Q] is innite.
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Corollary. The endomorphism algebras of reduced nite rank torsion-free R-modules
are; up to isomorphism; precisely the reduced nite rank torsion-free R-algebras if
and only if [ ~Q : Q] is innite.
Proof. The suciency follows from the theorem. For the necessity assume [ ~Q : Q] is
nite and set A = ~R  ~R: Then A is reduced torsion-free of nite rank. Suppose, for
a contradiction, that A = EndRM for some reduced torsion-free R-module M of nite
rank. Then M = M1 M2 where both Mi are ~R-modules of nite rank. By Lemma 1,
we may regard M1 as a submodule of a free ~R-module (after multiplying by a suitable
nonzero element of R). Therefore, there exists a non-trivial homomorphism from M1
to M2, forcing EndRM to be non-commutative, a contradiction.
Remark. It is worth noting that in the special situation where A is a free R-algebra
of nite rank, one only needs elements from ~R that are independent over R to al-
low the proof of Theorem 1 to carry through. This follows since A = Rxi implies
~A =  ~Rxi, whence A = (R)xi   ~Rxi for all  2 ~R. So for free algebras the
lower bounds in (i) and (ii) reduce to 2(2k + 3) and 2(2k + 5) respectively; this
compares favourably with a similar observation in [7] where a bound of 2n − 1 was
noted.
We conclude this section with an example which shows that, unlike the situation for
Abelian groups, it is not possible in general to reduce the rank of M in Theorem 1
below 3n.
Example. By adapting the example on p. 206 of [9], we may take R to be a discrete
valuation domain of characteristic 2 such that [ ~Q : Q] is innite and ~Q2  Q. Let n  2
and if  is a prime element of R, put S = R[], where n =  in some algebraic closure
of ~R. Thus S is a discrete valuation domain with prime element . As an R-module, S
is free of rank n. Suppose that S = EndRM for a reduced torsion-free R-module M of
nite rank < 3n. We shall show that this is contradictory.
Note that M is a reduced torsion-free S module of rank 1 or 2. First suppose that M
has rank 1 over S. Since M is reduced, M = S. But then EndRM is non-commutative,
a contradiction. Now suppose that M has rank 2 over S and let B be a basic S-
submodule of M . Then B = S or S  S. In the latter case M=B is simultaneously
torsion-free divisible (by the basic property of B) and torsion (by the fullness of B)
and so M = B = S  S, and again EndRM is non-commutative, a contradiction. Thus
we may assume that S  M  ~S, with M pure in ~S. Since M has rank 2 over S,
we may choose  2 MnS. Then M is the purication of S  S in ~S. But ~S = ~R[]
since n 2 R, and so ~S2  R[] = S. Consequently (S  S)  S  S implies
that  2 EndRM , contrary to the choice of . We conclude that for every n  2,
there is an algebra of rank n that cannot be realized on a module of rank smaller
than 3n.
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3. Failure of Krull{Schmidt theorem
In this section we apply our Corner-type theorem to show that the Krull{Schmidt
theorem fails for torsion-free modules over a wide range of valuation domains. It is not,
of course, possible to include all valuation domains since it is well known that nite
rank torsion-free modules over Henselian valuation domains obey the Krull{Schmidt
theorem [11, Lemma 14] or [10, Corollary 10]. Indeed Vamos [11] has shown that
the Krull{Schmidt theorem holds for some non-Henselian domains where [ ~Q : Q] is
small. Our main result in this section, Theorem 2, complements this by demonstrating
the failure of Krull{Schmidt in situations where [ ~Q : Q] is suciently large but not
necessarily innite.
Theorem 2. If R is a non-Henselian valuation domain with [ ~Q : Q] > 10; then the
Krull{Schmidt theorem fails for nite rank torsion-free R-modules.
Proof. Let f be a monic irreducible polynomial of degree d in R[x] which factors
modulo P into two non-constant relatively prime factors. If q is any polynomial over
R, let q denote the corresponding polynomial over R=P obtained by reduction modulo P.
By hypothesis f = f1 f2 with f1 and f2 non-constant relatively prime polynomials.
Choose monic polynomials gi such that gi is an irreducible factor of fi(i = 1; 2).
Note that gi is irreducible. Choose hi 2 R[x] such that g1 h1 + g2 h2 = 1. Now dene
A = R[x] =hg1g2fi. Then A is an R-algebra which is a free R-module of rank  2d
for which we may take k = 1 in Theorem 1. As noted in the Remark above, we can
obtain a reduced torsion-free R-module M of rank  6d with EndRM = A provided
[ ~Q : Q]> 2(2k + 3) = 10:
We claim that A has no non-trivial idempotents. Let  : R[x] ! A be the natural
map. Suppose that there exists g 2 R[x] such that (g)2 = (g), so that g1g2fjg(g−1).
Since R is a valuation domain and g1; g2 and f are irreducible, they are prime elements
of R[x], and are, in fact, non-associate i.e. they are not related by a unit factor. Assume
rstly that fjg and note that either g1jg or g1j(g−1). If the latter happens then g1j g− 1.
However we also have that g1j g since g1j f. But now this yields g1j1, a contradiction.
So we conclude that g1jg, and a similar argument shows g2jg. Thus g1g2fjg and so
(g) = 0. The other possibility that fj(g−1) yields the result, (g) = 1. Consequently,
M is indecomposable.
Now dene submodules Mi  M by Mi = (gihi)(M) for (i = 1; 2). Dene map-
pings M ! M1  M2 by m 7! ((g1h1)(m); (g2h2)(m)) and M1  M2 ! M by
(m1; m2) 7! m1 + m2. The composition map is then (g1h1 + g2h2), which reduces
to the identity in A=PA. Since A is integral over R, PA is contained in the Jacob-
son radical of A, and hence (g1h1 + g2h2) is an automorphism of M . Consequently
M1 M2 = M K , where K is the kernel of the sum map. Note that (g2f)(M) 6= 0
and that (g1h1)(g2f)(M) = 0. Thus rank M1 <rank M , and similarly for M2. Thus
when M1; M2 and K are expressed as direct sums of indecomposable modules, we get
inequivalent decompositions. This completes the proof.
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It is now rather easy to demonstrate a result similar to that of Butler for p-local
Abelian groups (cf. [1, Exercise 2.15]).
Example. If R is the ring Zp of p-adic rationals then the polynomial x2 − x + p
demonstrates the non-Henselian nature of R. Since [ ~Q : Q] is innite in this case, we
have immediately that the Krull{Schmidt theorem fails for p-local Abelian groups.
In Butler’s original example, Krull{Schmidt was shown to fail for a torsion-free
Zp-module of rank at least 16. A straight application of our Theorem 2 would, in
fact, provide failure only at larger ranks than this. However, it is worth noting that for
discrete valuation rings we can replace the bound 3n by 2n, as in Corner’s original
proof and doing this will lead to failure of Krull{Schmidt for a torsion-free Zp-module
of rank 14 since the module will now have rank  4d rather than 6d.
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